INEQUALITIES FOR GENERALIZED MINORS 



BENJAMIN SCHWARZ 



Abstract. It is a classical result that the absolute value of any k- 
minor of an r x s real or complex matrix is bounded by the product 
of its first k singular values. We generalize this statement to the 
context of real or complex simple Jordan pairs with generalized 
minors given by Jordan algebra determinants. 



Introduction 

The goal of this paper is a generahzation of the following statement. 

Let A be a real or complex r x s matrix, r < s, with sin- 
gular values O"! > ••• > cTf. > 0. Then for 1 < k < r the 
absolute value of any k-minor of A is bounded by the 
product ay-ak- 

This estimate can be proved using the Cauchy-Binet formula, see 
e.g. [21 Theorem 4.1]. We generalize this statement to the context of 
Jordan theory. Let {V, V) be a real or complex simple Jordan pair with 
positive involution. Then any element z e V admits a singular value 
decomposition, and to any tripotent e e V there is associated a unital 
Jordan algebra [e] £ V and a Jordan algebra determinant Ag. 

Theorem. Let {V,V) be a real or complex simple Jordan pair with 
positive involution and rank r. Let eeV be a tripotent of rank k, and 
z eV be an element with singular values ai > ■■■ > ar >0. Then 

\Ae{z)\ < ar--(Jk. 

Our proof is analytic and quite elementary. Let us describe the main 
idea in the classical context with V = k''''*, Ik = M or C. Then an element 
e e k'"'*^ is tripotent if it satisfies the identity e = ee*e, and it turns out 
that the corresponding Jordan algebra determinant Ag is given by 

Ae{z) = Det{lr + {e-z)e*) (zeV'). 

Moreover, the set Sk of all rank-A; tripotents forms a real smooth com- 
pact submanifold of k'"'"*. Now the theorem follows from plain analysis 
of the smooth map f ■ Sk ^ given by /(e) = |Ae(2;)p with fixed 

z e k'''^^ 
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We note that choosing the tripotent e appropriately, Ae{z) coincides 
with a given fc-minor of z, see Example 11.31 for details. Therefore, the 
theorem indeed generalizes the classical statement. 

In the first section, we discuss generalized minors in the context of 
simple Jordan pairs over arbitrary fields of characteristic ^ 2 in some 
detail. We note that even though the basic definition of generalized 
minors (resp. the corresponding Jordan algebra determinants) is widely 
known, our results seem to be new. In Section [2] we specialize to the 
case of real or complex simple Jordan pairs, prove our main theorem, 
and provide an application involving some representation theory on the 
space of polynomials on V, see Corollary 12.41 

1. Generalized minors 

In this section we consider Jordan pairs without fixing an involution. 
Let (V^ ,V~) be a finite dimensional simple Jordan pair over a field Ik of 
characteristic 2, and with quadratic maps : Hom(y^, 1/=^). 

As usual, we omit the signs and simply write Qz Q'^iz) for z ^V^. 
Moreover, for x^z ^V^ and y ^V^ the Jordan triple product {x, 2;} 
and the operators Dx,y and Q^^z are defined by polarization of Q^^ 

{x, y, z} := D^^yZ := Q^^zV ■= Qx+zy - QxV - QzV- 

The results of this section are independent of the choice of k. We refer 
to |5l |6] for a detailed introduction to Jordan pairs. We briefly recall 
some basic notions necessary for our purposes. 

An element e = (e+,e_) in is idempotent, if e+ = Qe+e- and 

6- = Qe_e+- The corresponding Peirce decomposition is given by 

l/± = y2*(e)®y±(e)eVo^(e) with V^^{e) := {z eV^\De,^e,z = u z} . 

For the following fix cr e {+,-}. The Peirce 2-space V2{g) coin- 
cides with the principal inner ideal [e„] := Qe^V''^ generated by Cg-. 
Moreover, [ca] forms a unital Jordan algebra with product x o y := 
\ {x, e_o-, y} and unit element Co-, see also Remark 11.21 By definition, 
the Jordan algebra determinant of [co-] is the exact denominator 
of the rational map z ^ 2"^, normalized to Ag(eo-) = 1. As usual, we 
expand to a polynomial on all of V'^ by firstly projecting onto [co-] 
(along V^{e) ® V^ie)) and then evaluating A^. By abuse of notation, 
this expansion is also denoted by A^ and called the generalized minor 
associated to e. 

There is also a determinant attached to the Jordan pair {V^^V'), 
which we describe next. A pair (x,?/) e x T/"°" is quasi-invertible, 
if the Bergman operator Bx^y ■= Id -Dx^y + QxQy is invertible. In this 
case, 

Bx]y{x - Qxy) 
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is the quasi-inverse of {x,y). The exact denominator A : y+ x V' Ik 
of the rational map {x, y) i-^ x^, normahzed to A(0, 0) = 1, is the Jordan 
pair determinant (also often called the generic norm, see ^ §16.9]). 

There is a simple relation between Jordan algebra determinants and 
the Jordan pair determinant, which we already noted in [9j for the spe- 
cial case of complex simple Jordan pairs. To the best of our knowledge 
this relation has not been stated elsewhere. 

Proposition 1.1. Let e = (e+,e") be an idempotent of {V'^,V'). 
Then 

(1.1) A:(x) = A(e+-x,e_), A,(y) = A(e+, e_ - 

for all X ^V^ , y eV' . 

Proof. Due to the duality of the Jordan pairs {V^,V') and (V',V^), 
it suffices to prove the first formula in fll.ip . If the Jordan pair is the 
one associated to a unital Jordan algebra J, i.e., {V^,V~) = (J, J), and 
if e+ is the unit element of J, then f 1 1.1 1) is an immediate consequence of 
[SI § 16.3(ii)]. We reduce the general case to this Jordan algebra case. 
Let X = X2 + Xi + Xq be the decomposition of x according to the Peirce 
decomposition with respect to e. By definition, A^{x) = Ag(x2). On 
the other hand, due to [5, §3.5] the relation A{u,Qyw) = A{w,Qyu) 
holds for all u,w e V*, v e V^, so it follows that A(e+ - x, e_) = A(e+ - 
a;2,e_) since e_ = Qe_e+ and Qe_x = Qe_X2- Therefore it suffices to 
assume x = X2. We may consider ([e+], [e_]) as a subpair of {y^,V~). 
Then its Jordan pair determinant coincides with the restriction of A to 
[e+] X [e_]. Moreover, due to [5, § 1.11] we may identify ([e+], [e_]) with 
the Jordan pair (J, J) with J = [e+] via the Jordan algebra isomorphism 
Qe_ • [e_]. Now we are in the Jordan algebra case, and (11. ip 

follows from j5l § 16.3(ii)]. □ 

Remark 1.2. We note that the Jordan algebra structure on [co-] = 
VJ'(e) is independent of e_o-, since for x = Qe^u in [ca], the fundamental 
formula for the quadratic map yields 

and polarization of also shows that x o y is independent of e_(j. It 
follows that the Jordan algebra determinant A^ : [co-] Ik does not 
depend on e^a- However, its expansion to depends on C-o- since the 
Peirce spaces Vi{e) and V"Q'^(e) are dependent on e^o-. 

Example 1.3. Consider the simple Jordan pair (k'''''*, k'^'"') with r < s 
and quadratic maps given by Q^y = xyx. Then, idempotents are pairs 
of matrices (e+,e_) satisfying e+e_e+ = e_ and e_e+e_ = e+, and the 
Jordan pair determinant is given by A{x,y) = Det(l,. - xy). For 1 < 
k <r and tuples J = (zi, . . . , z^), J = {ji, ■ ■ ■ ,jk) with 1 < < ••• < < r 
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and 1 < ji < • • • < jfc < s let e+ be the r x s- matrix defined by 
(1-2) (e.)., := I 



if = (ieje) for some l<i<k, 
else. 



and set e_ := e+, the transpose matrix of e+. Then, it is straightforward 
to show that (e+,e_) is an idempotent, and the generalized minor 

A:(^) = Det(l,-(e+-z)e_) {zeV''') 

coincides with the usual minor corresponding to rows and columns 
given by / and J, respectively. 

Proposition 1.4. Let e,c e {V+,V') be idempotents. If[e+] = [c+], 
then 

(i) A+{x) = A+(c+) • A+(x) for all x e [e+], 

(ii) A-M = A,(c_) • A-M for all y e V', 

(iii) A+(e,)-A,(e_) = l. 

// [e_] = [c_], the same formulas hold when + and - are interchanged. 

Proof. The first formula is well-known from the theory of mutations of 
Jordan algebras, see e.g. [H V.§3]. The second formula needs different 
arguments, since [e_] might differ from [c_]. We claim that (e+,e_-c_) 
is quasi-invertible with quasi-inverse e+"~^" = c+. In this case, (ii) follows 
from standard identities of the Jordan pair determinant [51 § 16.11], 

A,(y) = A(e„e_-y) 

= A(e+,e_ -c_ + c- - y) 

= A(e„e_-c_)A(e---,c_-y) 

= A,(c_)A(c+,c_-|/) 

= A,(c_)A,(2/). 

In order to show quasi-invertibility of (e+, e_ -c_), consider the decom- 
position c_ = C2 © Ci © Co of C- according to the Peirce decomposition 
of V~ with respect to e. Since c is an idempotent, the Peirce rules [5], 
§ 5.4] yield the following relations: 

<5c+C2 = C+ , Qc2C+ ® {C2, C+, Ci} © Qc^C+ = C2 © Ci © Cq . 

Comparing the components of the Peirce spaces in the second identity, 
we conclude that the pair (c+,C2) is also idempotent with [c+] = [e+] 
and [C2] = [e_]. By assumption, c+ is invertible in the Jordan algebra 
[e+]. Therefore, C2 is invertible in the Jordan algebra [e_], and it follows 
that (e_ -C2,e+) is quasi-invertible with quasi-inverses 

(e_ -ca)"" = -e_, 



INEQUALITIES FOR GENERALIZED MINORS 5 

where is the inverse of C2 in [e_], see |^5, §3.1]. Now recall that 
Jordan algebra inverses satisfy a^^ = -Pq ^a, where Pa is the quadratic 
operator corresponding to a € [e_]. Here, = QaQe+\[e-], so we obtain 

^2^ = iQc2Qe+\[e-]) = Qe_ (<5c2 I [C2] ) ^^2 = Qe_C+- 

Due to the symmetry formula § 3.3] for quasi-inverses it follows that 

e^-'^a = e+ + QeA(^- - C2y^ = e+ + QeAQe-C+ - e-) = c+. 

Finally, the shifting formula |5i §3.5] yields that (e+,e_ -c_) is quasi- 
invertible if and only if (e+,e_ - C2) is quasi- invert ible, and both have 
the same quasi- inverse. It remains to show (iii). Since A(Q„t',zi;) = 
A.{Qy_w,v) for all u £ v,w e V^, Proposition II. II yields the relation 
^e(c-) = ^eiQe+C-)- Now applying (i), we obtain 

(1.3) A,(c_) = A:(c,)-A:(g,,c_). 

Since Qe+C- = el in the Jordan algebra [c+], the second term on the 
right hand side becomes A+(e+)^. Moreover, setting a: = e+ in (i) yields 
A+(e+) = Ag(c+)"^, so (11. 3p implies (iii). By duality of the Jordan 
pairs (y+,V^") and (V^",^^) the same statement holds when + and - 
are interchanged. □ 

Remark 1.5. We note that Proposition 11.41^ 1) does not necessarily 
hold for all x e V^, as the following calculation illustrates. As in Ex- 
ample [L3] consider the Jordan pair (k''''*, k''''*). Let e = (e+,e_) be 
defined by 













(J 




e_ = 




CAB) 



where A e ^^^^^ is invertible, and B e ^kx{s-k)^ q ^ ^{r-k)xk ^j^q arbitrary. 
Any such pair of matrices is an idempotent of (k'"''*, k'' and yields 
the same principal inner ideal in k'"''**. 



fcxfc 



K] = ||^Q oj "^^^ J 

The generalized minors are given by 

AVx)-Det(l -(e - x)e ) - Deth"^'' ^ -AB^aB + bCAB\ 
ix,[x) -ueZ[Lr ie+ x)e_) - ueiy^^^, 1 + cB + dCAB j 

where a; = (" ^) £ k^'''^ with a e k'^'''^', and 

A^(?/) =Det(l, -e+(e_-i/)) =Det|'^Q" "^^^^ ~ ^-^ j = Det A ■ Det a 

where 1/ = (" 5 ) ^ k'^'*'' with a e k^'''^. We see that Ag(x) simplifies to 
DetA~^ -Deta only if x e [e+] or S = and C = 0, so Proposition ll.4( i) 
fails for x 4^ [e+], e.g. in the case where B i= and c = ((oo)),(oo))- 
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Remark 1.6. Strictly speaking, Proposition II .4( ii) is not needed for 
the purpose of this paper. However we find it worthwhile to include this 
formula, since it is a rather suprising identity, in particular considered 
in contrast to Proposition ll.4( i) with its restricted domain. 

2. Inequalities for generalized minors 

In this section, let (V, V) be a simple Jordan pair over k = M or Ik = C 
with positive involution : V V. For convenience, we set z := i^(z) 
for z € V. Recall that an element e e is a tripotent, if e := (e, e) is 
an idempotent. All notions and results of the last section also apply to 
this idempotent, and since e uniquely determines the idempotent, we 
simplify the notation and set 

K(e):=V7(e), A,(x):=A:(x), 

for u - 2,1,0 and x eV. 

Two tripotents e,ceV are strongly orthogonal, if e e Vq{c) (or equiv- 
alently c € Vo(e)), and e is called primitive, if it cannot be written as 
a sum of two non-zero strongly orthogonal tripotents. Any tripotent 
is the sum of primitive tripotents, and the number of summands is 
called its rank. A frame is a maximal system (ei, . . . , Cr) of primitive 
strongly orthogonal tripotents. Here, r is independent of the choice of 
the frame, and called the rank of the Jordan pair V. 

Due to p, §3.12] any element z e V admits a singular value decom- 
position, i.e., 

(2.1) Z = (JiCi H — + a^-Cr 

where (ei,...,ej.) is a frame of tripotents and cxi > ■■■ > ar > are 
uniquely determined real numbers, called the singular values of z. 

Example 2.1. In the case V = k'"''** discussed in our previous ex- 
amples, a positive involution is given by the Hermitian transpose, 
z H-> 2* € k^''^. Then, an element e e k'"''* is a tripotent if and only 
if e = ee*e, i.e., if e is a partial isometry. The element constructed in 
(11. 2p is in fact a tripotent. The singular value decomposition (12. ip co- 
incides with the usual one. Indeed, let z = U1TXJ2 be the usual singular 
value decomposition with Ui e Ur(k), U2 e Us(k) and diagonal matrix 
E e k''^*^ with entries di > ••• > 0",. > 0. For 1 < A; < r set := UiEiU2 
where Ei denotes the matrix with 1 at the (i,i)'th position and else- 
where. Then (ci, . . . , e^) is a frame of tripotents, and z = aiei + ---+arer- 

Theorem 2.2. Let e e V be a tripotent of rank k, and z e V be an 
element with singular values ai > •■• > cr^ > 0. Then 
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Before proving this, we determine the derivative of the Jordan pair 
determinant A. Since {V,V) is assumed to be simple, it follows from 
§ 17.3] that A is irreducible and satisfies 

(2.2) DetS,.,^ = A(x,2/)^ 

where p is a structure constant of (V, V), and Det denotes the standard 
determinant of the Bergman operator B^ y € End(y). Recall that 

(2.3) T-.VxV^h, {x,y)^Tia,^y 

is a non-degenerate pairing, called the trace form of {V, V). 

Lemma 2.3. The derivative of the Jordan pair determinant at {x,y) e 

V xV along {u,v) e V x V is given by 

(2.4) d^u,v)^{x,y) = -^A{x,y){r{u,y^) + r{xy,v)). 

Proof. We note that is suffices to prove 02. 4p for generic {x, y) e VxV, so 
we may assume that A(x,y) + 0, or equivalently that B^^y is invertible. 
Taking derivatives on both sides of (12. 2 p yields 

pA{x,yy'^ d(^u,v)^{x,y) = BetB^^y Ti {B^lyd^u,v)B.j:,y) , 

and hence 

d^u,v)A{x,y) = \ A{x,y) Ti(B-]ydi^u,v)B^^y) . 

Since d<^u,v)B^,y = -D^-y + QxMv " B>x,v + QxQy,v, it follows that 

Tr(B^lyd^u,v)Bx,y) = -TrDu,y^ -TvD^y^^ = -T{u,y'') - t{x\v) , 

where we used the relations Du^y^B^^y = Du^y -Qx,uQy and Bx^yDxv^v = 
Dx,v " QxQy,v, see the appendix of [6]. This completes the prove. □ 

Proof of Theorem \2.^ Let Sk V denote the subset of tripotents of 
rank k. It is known [6l §§5.6, 11.12] that Sk is a compact submanifold, 
and the tangent space TeSk at e e Sk is given in terms of the Peirce 
decomposition of V with respect to e in the following way: Recall that 
the map x x"^ := Q^x defines an involution on V2(e) with eigenspace 
decomposition V2(e) - A{e) ® B{e) where 

A{e) := {x e V2{e) | x = x*] , B{e) := {x e ^(e) | a; = -x*} . 

Then TeSk = B(e) ® Vi(e). Moreover, recall that the decomposition 

V - A{e) ® B{e) ® Vi(e) ffi Vo(e) is orthogonal with respect to the 
positive definite inner product (m, v) := r(u, v) on V . For fixed z € \/, we 
determine the maximum value of the map / : 5*^ ^ M, /(e) := |Ae(2;)p. 
Due to Lemma [LT| it is clear that / is smooth, and Lemma [2.31 implies 
that the derivative of / at e € 5"^ along u = U2 + ui^ Tf.Sk is given by 

duf{e) = -I fie) ■ Re (t{u, (e)-^) + r((e - zf, u)) . 
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The symmetry formula for quasi-inverses ^ § 3.3] yields (e)^ ^ = e + 
Qe{e - zY, and since T(x,Qyz) = T(z,Qyx) it follows that 

t(w, e^'^) = t{u, e + Qe{e - zY) = t{u, e) + T((e - zY, Qgu). 

We thus obtain 

dJie) = -I f(e) - ReTiie - zY,u,) , 

since e € A(e) 1 T^Sk and QgU + « = Therefore, / attains its 
maximum value at e only if r((e - zY,Ui) = for all ui € Vi(e), i.e., 
only if {e-zY - X2+X0 e V2(e)©Vo(e). In this case, the shifting formula 
for quasi-inverses [5l § 3.5] yields 

e - z = {x2 + xoY"" = x>Y + a;o £ ^2(e) ® Vo(e) , 

so it follows that z = Z2+Z0 e V2{e)®Vo{e). Now, strong orthogonality of 
V2(e) and Vo(e) implies that the singular value decomposition of z splits 
into the corresponding decompositions of Z2 and Zq, so {cti, . . . , 0"^} = 
{/ii, . . . u {ui, . . . -jfr-k}-, where the yUj (resp. z/j) are the singular 
values of Z2 (resp. Zq). We claim that |Ae(-2)| = ri/^i- If so, then 
/ attains its maximum value if /ij = ai for i = l,...,k, and we are 
finished. To evaluate |Ae(-2)| first recall that Ae{z) = Ae{z2)- Let 
Z2 = /^iCi + ••• + /ifcCfc denote the spectral decomposition of Z2- We note 
that this is not necessarily the spectral decomposition of Z2 e [e] in 
the sense of Jordan algebras [H III. 1.1], since the sum c ■- Ci + ■■■ + 
might differ from e. However, since [c] = [e]. Proposition ll.4( i) yields 
^e{z2) - Ac(e)"^Ac(z2)- Now, due to Proposition 11.11 and [5j §16.15] 
we obtain 

A,{Z2) = A{c-Z2,c) = Yl{l-{l-fX,)-l) = Yl fli. 

Finally, recall that A{u,v) - A{v,u) for all u,v ^V, where a denotes 
complex conjugation of a e k. Therefore, Proposition ll.4( iii) yields 
|Ac(e)| = 1, and we conclude that |Ae(2;2)| = D/^i- This completes the 
proof. □ 

We finally give an application of Theorem 12.21 involving some repre- 
sentation theory. Consider a complex simple Jordan pair {V,V) with 
involution of rank r, and let V{V) denote the space of complex polyno- 
mial maps on V. Let L denote the identity component of the structure 
group associated to {V,V), which consists of linear maps h € GL(V) 
satisfying the relation h{x, y, z} = {hx, h^^^y, hz) where h^"^ denotes 
the inverse of the adjoint of h with respect to the trace form r defined in 
(12. 3p . Then L is a reductive complex Lie group with maximal compact 
subgroup K := Ln U{V), where U{V) denotes unitary operators with 
respect to the inner product {u,v) = t{u,v) on V. The induced action 
of K on polynomials yields a decomposition of V{V) into irreducible 
components. Due to Hua, Kostant, Schmid [U [7], this decomposition 
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is multiplicity free, 

V{V)=®V^{V), 

m>0 

and the irreducible components can be parametrized by tuples m = 
(mi, . . . -iTrir) of integers satisfying rrii > •■■ > m,. > (corresponding to 
certain highest weights). As an application of Theorem \2.2\ we obtain 
a growth condition for polynomials in each component. 

Corollary 2.4. Let z he an element with singular values ai > 
••• > > 0. For any p e VmiV) there exists C > such that 

\piz)\<C-aT'-ar. 

Proof. Let (ci, . . . ,6^) be a frame of tripotents. Recall from [TU] that 
the following polynomial map is a highest weight vector of Vui{V) (for 
an appropriate choice of a Borel subgroup of L), 

p^{z) := A,,(zr-'-^-A,,(z)™^-'"^-A,^_,(z)™'— "^'■•A,,(z)"^'- 

where := ei + ••• + e^. For p^i, Theorem 12.21 immediately yields 

\Pn.iz)\<aT^...ar- 

For general p e Vm{V), irreducibility implies that there are Cj € C and 
ki € K, such that 

s 

p(z) = Y,'^i-Pm{kiZ) 

i=l 

Since singular values are invariant under the action of K, this proves 
our statement with C := Y,i D 

We refer to [HI Theorem 2.2] for an application of this growth con- 
dition. The main advantage of this estimate is the if-invariance of the 
right hand side. 
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